SUMMARY
MOTIVATION
Linear elastic material remains still one of the most general and one of the most widely used constitutive model of deformable solid. It is also found useful in description of certain modern materials, particularly those exhibiting anisotropy of their mechanical properties e.g. crystalline or composite materials with controlled internal symmetry. The problems of description of anisotropic materials are far less extensively researched than it is in case of isotropy -as a result, the mathematical tools for designing and optimization of use of anisotropic materials may be still the subject of development. The current paper deals with the problem of nding such directions in the given linear elastic material, which are respective for the extreme values of the longitudinal and transverse stiffness moduli. It will be shown that this problem is equivalent to the problem of nding the directions of extreme strength at uniaxial tension/compression and at pure shear when a generalized von Mises quadratic limit criterion for anisotropic solids is assumed. Similar analysis can be found in the paper by Ostrowska-Maciejewska and Rychlewski written in 2001, yet in their paper only cubic symmetry was considered -here also a speci c case of transverse isotropy is analyzed. The analysis performed in the mentioned paper was based also more on the comparison of the form of certain tensors rather than on derivation of a system of equations enabling nding the investigated directions. Presented methodology and obtained results may be used in the process of material design or in construction element's shape design in order to optimize the use of its stiffness (or compliance) or its strength capacity.
GENERALIZED STIFFNESS MODULI OF LINEAR ELASTIC ANISOTROPIC SOLIDS
We are considering the generalized Hooke's law: 
where is the Cauchy stress tensor, is the small strain tensor and C and S are fourth order compliance and stiffness tensors respectively, satisfying the following symmetry conditions:
If the space of the stress states is considered as a dimensionless one (eg. as space of relative stresses), then both stress and strain state spaces can be considered as a single six-dimensional linear space of symmetric second order tensors. Then the elasticity tensors C and S act as a linear automorphic map in that space. For any such a map its eigenvalue problem can be stated, namely the problem of nding such a symmetric 2 nd order tensor and such a scalar that:
The solution of the eigenstate problem for the elasticity tensors leads to the spectral decomposition of those operators (Rychlewski 1984) :
where K K ( ,..., ) 1 are the eigenvalues of the stiffness tensor (so called Kelvin moduli), and P K K ( ,..., ) 1 are the orthogonal projectors on the corresponding eigensubspaces. Detailed discussion on the spectral decomposition and speci c properties of the eigenstates of elasticity tensors was a subject of numerous papers (e.g. Rychlewski 1984 , Mehrabadi and Cowin 1990 , Kowalczyk-Gajewska and Ostrowska-Maciejewska 2009 .
In general, the Young modulus respective for a xed direction given by a versor n, being a proportionality coefcient between normal stress and linear strain along that direction, can be found through proper transformation (rotation) of the coordinate system and corresponding transformation of the components of the elasticity tensors: Spectral decomposition of the elasticity tensors enables simple expression of the elastic constants such as Young modulus, Kirchhoff modulus, bulk modulus or Poisson's ratio in case of anisotropic solids for any direction of stiffness examination in terms of the considered directions' versors and eigenvalues and orthogonal projectors of the elasticity tensors -quantities which are given uniquely for each considered material. In the current paper the longitudinal stiffness modulus (Young modulus) and transverse stiffness modulus (Kirchhoff modulus) are considered -they can be de ned in the following way (Rychlewski 1984) :
where n and m are unitary vectors parallel to the directions of the stiffness examination such that m m n n 1, m n 0. It is worth noting that the Young longitudinal modulus as well as the Kirchhoff shear modulus are inverse proportional to the elastic energy densities stored during the processes of uniaxial stretching/compression or pure shear respectively: 
This indicates that the directions of maximum (minimum) stiffness are the directions for which the stored elastic energy density is minimum (maximum) for xed level of stress.
GENERALIZED LIMIT CONDITION FOR ANISOTROPIC SOLIDS BY RICHARD VON MISES
As it was mentioned in the beginning of the paper, the problem of nding the directions of extreme stiffness is equivalent to the problem of nding the directions of extreme value of a limit stress after assumption of a generalized quadratic limit condition for anisotropic solids, which was introduced by Mises in 1928, namely the limit condition of the following form (Mises 1928) :
where H is the fourth rank limit state tensor satisfying the symmetry conditions (2). In case of uniaxial stress state ( ) n n , the limit condition is satis ed for certain limit value k and the limit condition can be rewritten in the following form:
which is analog to the expression for the Young modulus.
In the same way, the limit condition at pure shear ( ) ( ) m n n m reaching the limit value k s can be rewritten in the form analog to the expression for the Kirchhoff modulus:
Performing the same analysis as in case of investigation for the directions of extreme stiffness, however with use of the limit state tensor H instead of the compliance tensor C, enables determination of directions of extreme strengthlet's note that the uniaxial limit stress is assumed to be the same at tension and at compression.
NECESSARY CONDITIONS FOR STATIONARY VALUE OF QUADRATIC SCALAR-VALUED TENSOR FUNCTION OF VECTOR ARGUMENT
In face of the above remarks, the most general statement of the analyzed problem is to nd such unitary, mutually orthogonal three-dimensional Euclidean vectors x and y that the scalar-valued, quadratic tensor functions of a vector argument which are given by certain fourth order tensor A satisfying symmetry conditions (2), namely the functions
reach stationary values. In order to formulate the necessary conditions for reaching the stationary value, we shall use the well-known Lagrange multipliers method of nding the function's extremum with assumption of additional constraints, namely: 
We introduce functions:
in which constant scalars 1 1 2 3 , , , are the Lagrange multipliers. The necessary conditions for the stationary values of f and g are given by the constraints (14) and the condition of vanishing of the linear part of the increment of value of and respective for the in nitesimal increment of those functions' arguments. These conditions may be derived by setting those functions' Gâteaux derivatives equal zero.
First, let's consider the function of one variable f and the correlated function :
We obtain then:
Multiplying it with x and using the rst constraint x x 1, we can nd the value of the multiplier 1 and eliminate it from the condition's formulation:
The necessary condition for the stationary value of f is then of the following form:
Cowin and Mehrabadi have shown that if the tensor A is the elasticity tensor, then the above condition is the necessary condition for the material to have a plane of symmetry of normal x (Cowin, Mehrabadi 1987) .
In case of function of two variables g and the correlated function , we obtain: 
Multiplying the rst equation with x and the second one with y, after use of the constraints (14), we can nd the values of the multipliers 1 and 2 and eliminate then from the condition's formulation:
Substituting those relations to (22) and multiplying then the rst equation with y and the second one with x, after use of constraints (14), we can put the multiplier 3 on the right hand side of each equation and then subtract one from another obtaining the nal result:
CUBIC SYMMETRY
In the below considerations, following notation of any symmetric second order tensor a and fourth order tensor A satisfying symmetry conditions (2) will be used: 
Cubic symmetry, which is respective for the regular crystal system, is characterized by three pairwise orthogonal, mutually equivalent directions. We shall use the Cartesian coordinate system, in which the system axes are parallel to those speci ed directions and are given by versors i, j, k. In such a coordinate system any tensor of cubic symmetry can be represented in the following general form: The spectral decomposition (27) may be rewritten in the following form:
where: 1 is an identity second rank tensor, I S is an identity operator in the space of symmetric second order tensors, and K i i i i j j j j k k k k .
Directions of extreme Young modulus and extreme uniaxial limit stress
Substituting the decomposition (28) in the condition (20), we obtain: 
Let's note that the above equation does not depend on the eigenvalues of the tensor A -the directions of extreme values of function f are independent on the components of the tensor A and are uniquely determined by the symmetry class of A. It is easy to nd at least three solutions of the above system of equations:
-Principal directions of the regular system (e.g.
[100] and other equivalent). It can be shown however, that although the second solution satis es the necessary condition (30), it does not satisfy suf cient condition -it is in fact a saddle point of the hypersurface given by function f.
If the considered investigated quantity is the Young modulus and the tensor A is the compliance tensor C, then its eigenvalues are equal:
where E is the Young modulus along the principal axes of symmetry, is the Poisson's ratio at tension along those directions and G is the Kirchhoff modulus when shearing in planes perpendicular to the principal symmetry axes along the other two axes. The values of the Young modulus corresponding to the directions found as a solution of (30) are equal:
-Longitudinal stiffness along principal axes of symmetry:
1 2 1 2 3 2 .
-Longitudinal stiffness along plane diagonals: 2 .
-Longitudinal stiffness along spatial diagonals: .
is not a stationary value of E it may be still considered as a local extreme value of the Young modulus if only a special class of load is allowed, e.g. uniaxial stress in planes containing faces of the cubic cell (e.g. (100) plane and other equivalent -E reaches local maximum then) or in planes containing both plane and spatial diagonals of the cells (e.g. (110) plane and other equivalent -E reaches local minimum then).
If the considered investigated quantity is the limit uniaxial stress in case of the generalized von Mises yield criterion for anisotropic solids and the tensor A is the limit state tensor H, then -if pressure insensitivity is assumed according to the postulates of Mises (Mises 1928 4 .
-Tensile/compressive strength along spatial diagonals:
3 .
The surface determining the dependency of the Young modulus on the direction of for cubic symmetry is shown in the Figure 1a -the axes of the coordinate system coincide with the principal symmetry axes of regular cell. In the Figure 1b stored elastic energy density at uniaxial stress state in various directions is presented. Experimental data used for the plots (Berryman 2005) are given below the gures. The general character of the stiffness distribution is rather easily predictable as it should correspond with the distances between neighboring atoms in a regular cell depending on the chosen direction.
Elastic constants of copper (Berryman 2005) : 
69 1 138 2 , , . GPa GPa
Directions of extreme kirchhoff modulus and extreme shear stress
Substituting the decomposition (28) in the condition (24), after proper multiplication the nonlinear scalar equation of the condition (24) can be rewritten in terms of the components of the investigated vectors x and y in the following form: These are only single solutions satisfying the necessary condition for the directions given by x and y to be the directions of stationary values of proper functions. More detailed -yet still very general -discussion on the solution of that problem can be found in (Ostrowska-Maciejewska, Rychlewski 2001) . Since the function g(x,y) is a function of three independent parameters (six components of two vectors constrained with two normalization conditions and one orthogonality condition), any visualization of that function would be rather complex and unclear.
VOLUMETRICALLY ISOTROPIC CYLINDRICAL SYMMETRY
Any fourth rank tensor satisfying symmetry conditions (2) such that one of its eigenstates is an isotropic second order tensor is termed to be volumetrically isotropic. Volumetrically isotropic elasticity tensors were subject of an analysis performed by Burzy ski (Burzy ski 1928) -for any material that can be described with such tensor, the decomposition of the elastic energy density into volumetric and distortional part is possible. Burzy ski has given a set of relations which must be ful lled by the components of a tensor, so that it was volumetrically isotropic. In case of the limit state tensors of the Mises' limit condition the volume isotropy is a consequence of the postulate of pressure insensitivity stated by Mises himself. Any tensor of volumetrically isotro- pic cylindrical symmetry with its symmetry axis coinciding with the third axis of the considered coordinate system can be represented in the following general form: 
The spectral decomposition of the tensor of volumetrically isotropic cylindrical symmetry leads to the following result:
1) One-dimensional eigensubspace of spherical tensors.
2) One-dimensional eigensubspace of deviators.
3) Two two-dimensional eigensubspaces of deviators.
where the eigenvalues of A are equal:
and the orthogonal projectors: 
It can be shown that the above equations are ful lled in case of 0 (uniaxial load in the direction perpendicular to the speci ed symmetry axis) and 90 (uniaxial load along the speci ed symmetry axis). Having checked those two cases it is now possible to divide the rst equation by sin and the second one by cos -after proper transformation, both equations can be rewritten in the same following form 
if only such root exists. If the considered investigated quantity is the Young modulus and the tensor A is the compliance tensor C, then its eigenvalues are equal: 
If the considered investigated quantity is the limit uniaxial stress in case of the generalized von Mises yield criterion for anisotropic solids and the tensor A is the limit state tensor H, then its eigenvalues are equal: where 1 is the limit hydrostatic stress, k L and k T denote limit uniaxial stress at tension or compression along and perpendicularly to the speci ed axis respectively, while k sLT and k sT denote limit shear stress when shearing in planes containing the speci ed axis or being perpendicular to it respectively. The angle determining the direction of extreme strength can be found after obtaining k L , k T , k sLT and k sT in simple strength tests:
Directions of extreme Kirchhoff modulus and extreme shear stress
Substituting the decomposition (33) in the condition (24) after proper multiplication the nonlinear scalar equation of the condition (24) can be rewritten in terms of the components of the investigated vectors x and y in the following form:
x y x y 
It is clearly visible that the directions ful lling the necessary condition for stationary value of the g function are those for which either x 3 0 or y 3 0 or x y 3 2 3 2 , these are e.g.:
-two directions at least one of which lies in the plane perpendicular to the speci ed symmetry axis -these are i.e.: the direction coinciding with the speci ed axis and any other perpendicular to it or any two directions lying in the plane perpendicular to the speci ed axis, -any two directions inclined at the same angle to the specied symmetry axis -these are i.e. two directions lying in a plane containing the speci ed axis, inclined equally to it or to the plane perpendicular to it.
As it was stated in case of the analysis of variation of the Kirchhoff modulus and limit shear stress in case of cubic symmetry, the above solutions are only those satisfying the necessary condition for local extremum -those proposals may be a subject of further numerical analysis.
SUMMARY
The paper was devoted to the problem of nding such directions in linear elastic anisotropic solids that certain mechanical properties such as longitudinal and transverse stiffness or limit uniaxial or shear stress reached their maximum or minimum value when examined in those directions. A set of necessary conditions which must be ful lled by the component of versors determining those directions was given. Some solutions of the problem for chosen symmetries of the fourth rank tensors describing those mechanical properties of the material were indicated and analyzed. The obtained results as well as the presented methodology may be found useful in the process of optimal design of modern materials exhibiting anisotropy of their mechanical properties, such as composites or materials with internal micro-or nanostructure. 
